Abstract-Buckling is a highly nonlinear and singular phenomenon in thin beams, and is usually an undesired characteristic that must be prevented from occurring in engineered systems. Buckling, however, can be a useful mechanism for gaining extremely large displacement amplification, since a tiny displacement in the axial direction of the beam may lead to a large defection in the middle of the beam. This paper presents a novel large-strain piezoelectric actuator exploiting the buckling of a structure with imbedded PZT stacks. Although the free displacement of a PZT stack is only 0.1% of the stack length, the buckling mechanism, controlled with an effective algorithm and strategically placed redirecting stiffness, can produce a large bi-polar displacement that is approximately 150 times larger than the original PZT displacement. Furthermore, the structural buckling produces a pronounced nonlinearity in output impedance; the effective stiffness viewed from the output port varies as a function of output displacement, which can be a useful property for those applications where actuator stiffness needs to vary.
I. INTRODUCTION
IEZOELECTRIC actuators possess some of the most promising attributes of all developed mechanical actuators. They are capable of operating at frequencies in the MHz range, and with their significant actuation stress, have a maximum power density (W m -3 ) comparable to hydraulic actuators [1] . Their efficiency ranges from 0.90 to 0.99, well above every other actuator material. The most significant drawback of piezoelectric actuators, however, is the displacement/strain they are capable of producing. With a typical actuation strain of about 0.1%, high strain piezoelectric actuators such as Lead Zirconate Titanate (PZT) stacked to a length of 20 mm will have an unforced displacement of just 20 μm.
Such displacements are largely impractical for broad scale application, such as robotic systems. This is why significant research has gone into amplifying the strain piezoelectric actuators can produce. These include bi-morph and unimorph bending beam actuators, frequency leveraged "inchworm" actuators, and flextensional strain amplification mechanisms [2] . The popular form of flextensional actuator, such as the Moonie [3] , utilizes a rhombus or ellipse-shaped mechanism in which the piezoelectric actuator actively forces the two corners of the major axis causing displacement along the minor axis.
Except for the inchworming, or repetitive motion mechanisms, these strain amplification techniques can produce rather limited displacements. Unless multi-stage amplification, such as [4] , is used, the output displacement is typically less than 1 mm, which is too short for most robotics applications. This paper presents an alternative to existing methods by exploiting a pronounced nonlinearity of structural mechanics, buckling.
This nonlinear and singular phenomenon can produce an order-of-magnitude larger effective strain amplification in a single stage. The nonlinearities arising in mechanisms and structural mechanics have typically been thought of as parasitic properties. Strain amplification mechanisms have been designed to keep the output an approximately linear function of input actuator force and displacement.
Buckling violates this linear input-output requirement. The amplification gain is not merely large, but it varies significantly within the movable range. Accordingly, mechanical advantage and stiffness at the output port may vary depending on the displacement. These nonlinearities can be useful if their properties are matched with the load characteristics. For example, biologically-inspired robots need varying actuator stiffness, where the velocity-force relationship must vary along a gait cycle or a flapping cycle [5] , [6] . Nonlinear transmissions, such as the buckling mechanism addressed in this paper, will open up new possibilities in developing unique machines. This paper is organized as follows. First, the principle and design concept of controlled structural buckling are described. Kinematic and static models are then obtained, and a potential energy method is developed for analyzing and synthesizing the buckling PZT actuators. The first derivative of the potential energy provides the forcedisplacement characteristics, while the second derivative yields the stiffness that varies in relation to the output displacement. Next, proof-of-concept prototypes are discussed. They have been designed and built, and static and dynamic tests demonstrate the effectiveness of the method. Potential applications of the bucking PZT actuators are briefly discussed. Fig. 1 shows the schematic of a nonlinear, large-strain PZT actuator, consisting of a pair of PZT stacks and a monolithic structure. The monolithic structure holds the PZT stacks between a keystone output node and the end supports placed at both sides. The end supports are connected to the main body ideally through rotational joints. As the PZT stacks are activated, they tend to elongate, generating a large stress along the longitudinal direction. When the two PZT stacks are completely aligned, the longitudinal forces cancel out, creating an unstable equilibrium. With any disturbance, the two PZT stacks tend to rotate, i.e. "buckle". Let Δ be the elongation of each PZT stack and y Δ be the vertical displacement of the keystone output node. The displacement amplification ratio, y G Δ = Δ tends to infinity as y approaches 0. Since
II. PRINCIPLE AND DESIGN CONCEPT
This is a type of kinematic singularity. Even for a finite PZT displacement, the amplification gain, G, is significantly large. Although this buckling mechanism can provide extremely large strain amplification, buckling is in general an unpredictable, erratic phenomenon, which is difficult to control. We do not know which direction the output node will move, upward or downward. It is also not feasible to bring the output keystone from one side to the other across the middle point. Once it goes upwards, it tends to stay there, and vice versa. This is in a sense "mono-polar" activation where the stroke of the output keystone is half of the total possible displacement.
To fully control the buckling direction and thereby attain a bi-polar, full stroke range of activation, this paper presents a novel technique called "lateral activation". Instead of activating both PZT stacks at the same time, we activate one PZT stack first followed by the other stack. Suppose that the left PZT stack, for example, is first activated. This creates a sideway displacement of the output node, x Δ , in the positive x direction, as shown in Fig. 2 -(a). As mentioned above the output keystone is suspended elastically in both x and y directions. The trick is that this two-dimensional stiffness is tuned in such a way that, in response to sideways displacement x Δ , a force along the y axis is created. As shown in Fig. 2-(b) , the induced force F y tends to push the output keystone in the positive y direction. Once it is pushed upwards, then the output keystone is accelerated in the positive y direction due to the unstable nature of the equilibrium. As the other PZT stack (right PZT) is activated together with the first (left PZT), the y-directional displacement increases further. This results in a large displacement in the upward direction. If we activate the right PZT stack first, followed by the left PZT, then the output keystone will move downwards creating a negative y displacement. See Fig. 2 -(c). Therefore, we can fully control the direction of buckling by simply selecting the switching sequence between the two PZT stacks. The key to this controlled buckling via lateral activation is the two-dimensional stiffness with which the output keystone is suspended. Let K be a 2 x 2 matrix relating the restoring force vector ( ) 
It is clear that, if the off-diagonal element is less than zero, 3 shows a schematic time chart of activating the dual PZT stacks. As the left PZT is activated prior to the right PZT, the output displacement goes upwards. In the following sequence the order is reversed, creating a downward output displacement. Thus the actuator is bi-polar and the full stroke is double the one side displacement. It should be noted that each PZT is turned on and off twice as the output displacement makes one full cycle of movement. This means that the PZT activation frequency is twice higher than the frequency of the output movement. For those applications where cyclic motion must be generated, i.e. flapping and running, the bipolar dual PZT activation scheme described above results in an equivalent gear reduction of 1:2. Since the bandwidth of PZT stacks is too high to exploit efficiently for most robotics applications, this effective gear reduction contributes to improving efficiency. Fig. 4 shows a simplified model of the entire mechanism. The PZT stacks, along with the flexure supports in series, are represented as springs with stiffness k p . The rotational stiffness of the flexure supports are assumed small compared to the redirecting stiffness, k s . The PZT stacks are modeled as linear. The activation level of each stack varies its unforced length. Each stack's unforced length variation level, u l for the left stack and u r for the right, ranges from 0 to the free displacement of the PZT stack, typically about 0.1% of the total length of the stack.
III. MODEL AND SIMULATION

A. Redirecting Principle Axes of the Stiffness Matrix
The placement of the grounding point of the redirecting spring (x s , y s ) is very important because this spring is intended to provide a high output axis force from lateral displacement, K xy , while inhibiting motion in the output axis, y, as little as possible. If the ratio of x s to y s is too small, the spring will impede motion in the output axis more than is necessary. If the ratio of x s to y s is too great, the spring will not provide enough force along the output axis to lateral displacements, i.e. |K xy | will not be large enough. Ideally, K xy need only be finite, but in application, practical disturbances along the output axis necessitate a specific minimum value. To find a good value to use we start with the simple kinematic model in Fig. 5 . With no forces, the free displacement of one PZT stack causes the output node to rotate about the grounded node of the other PZT stack. Motion of the output node lies approximately along the cord OA. The slope of this cord is Δy/Δx ≈ L/y. In order to prevent generating force against this motion, the redirecting spring should be aligned close to perpendicular to this cord. The instantaneous slope of the trajectory changes from infinity to ≈ L/y as the motion progresses. Therefore, when positioning the grounding point of the redirecting spring, the ratio of x s to y s should be between 0 and y/L.
Without force, displacement, or K xy specifications to design to, about y/(2L) is a good ratio to use to achieve high force, high displacement, and a high |K xy | value at zero output displacement.
B. Redirected Stiffness Simulation
For the simulation, we use PZT stacks with length, L, of 18 mm, a maximum free displacement, u max , of 15 μm, and stiffness of 800 N/15 μm = 5.3e7 N/m. The ratio of x s to y s is y/(2L) where y is the pre-computed free displacement in the output direction. The grounding point of the redirecting spring is in the first quadrant and its stiffness, k s , is chosen to be equal to the stiffness of the PZT stacks. This provides a good balance of providing a high K xy vs. increasing K yy and degrading performance. 
The negative derivative of the potential energy function with respect to either x or y is the force along that axis. Points in the potential energy field where any movement along either axis results in additional potential energy, or "valleys", represent unforced, steady state positions of the actuator. Fig. 6 . shows the contour plots of the energy function for different values of unforced length variation. Each plot has at least one valley. The left hand side of each plot pair is the function with no redirecting stiffness (k s = 0), where as the right hand side is the function with positive stiffness (k s > 0). A number of interesting points can be made based on these plots.
First, notice that in Fig. 6 -(a), both plots have a valley centered at the origin, and both plots are symmetric about two orthogonal axes. The plot with k s = 0 is symmetric about x-axis and the y-axis. These axes are parallel to the eigenvectors of the stiffness matrix, K, of (2). Thus, the right energy plot shows that the eigenvectors of K are not orthogonal to the x and y axes at y = 0.
Next, consider the two plot pairs with only one PZT input actuator active (Fig. 6-(b) and (c) ). The plots with k s = 0 are symmetric around the x-axis indicating that dU/dy = 0 for y = 0. This means there is no force along the y direction, and the actuator prefers neither direction over the other. Alternatively, the plots with k s > 0 are not symmetric about any constant y value axis. In fact, the slope at any point in the function points towards the single valley on one side of the x-axis. This means that, at any point, the output node will feel a force in the direction of the valley on the desired side of the singularity position. From Fig. 6 , if only the left PZT is active, the actuator will tend towards a negative y value, and if only the right PZT is active, the actuator will tend towards a positive y value. Note that for other values of k s and ratios of x s to y s , two valleys may occur, one on each side of the y = 0 axis; however, the value of dU/dy is still in the preffered direction for y = 0, i.e. from the singularity position, the actuator displacement direction is still controlled.
Finally, observe the contour plots for the case where both PZT stacks are active, Fig. 6-(d) . Both plots have two valleys, and both plots have dU/dy = 0 for y = 0 as can be seen from the fact that the contour lines are perpendicular to the x-axis for y = 0. Both plots show that if the position is either above or below the x-axis, the output node will be forced to the valley respectively above or below the x-axis. However, for k s > 0, both PZT stacks would not be simultaneously fully active unless y ≠ 0. The magnitude of the y displacement in the valleys for k s > 0 is less than 20% less than the magnitude for k s = 0. This means that the free displacement is degraded by less than 20% for motion in one direction. However, both directions can be controlled with k s > 0, thus the total displacement is overall more than 60% greater.
C. Stiffness Analysis
The force of the actuator in the direction of positive displacement of the output node may be found by computing -dU/dy. Similarly, the stiffness along the output direction is computed as d 2 U/dy 2 . When both PZT stacks are activated, the stiffness as a function of output displacement is highly nonlinear. The force and stiffness curves with x = 0 are shown in Fig. 7 . With a single unit, the range of force, displacement and stiffness can vary by many orders of magnitude. Fig. 7 shows a series of force-displacement curves for a single unit with various input activation levels. The force can be maintained at a constant level while varying the displacement through control of activation level.
Similarly, the displacement can be maintained at a constant level while varying the force output by controlling the activation level. Finally, if the force or displacement is specified, the stiffness, can be specified by controlling the input activation level. However a single unit cannot be used to specify stiffness, force, and displacement independently.
There are two key features to understand from Fig. 7 . First, notice that the maximum force occurs mid-stroke regardless of activation level. Second, notice that a stiffness value of zero is achievable by the actuator over a significant range of its entire stroke.
The first feature is valuable to applications that require significant force over the wide middle range of the actuator's stroke. Traditional PZT actuators achieve their highest force at zero displacement, thus limiting the relative force at greater displacements.
The second feature is valuable in applications where it is necessary to disengage the actuator from the load. Typically, PZT actuators have relatively constant stiffness regardless of activation level. The presented design allows for the actuator to gracefully disengage mechanically via zero stiffness without requiring the actuator to be disengaged physically. This is particularly relevant in applications where actuators may be used in parallel, or when multiple actuators are mechanically coupled via a modular design.
D. Dynamic Motion Analysis
One of the primary utilities of passing through the singularity point is to achieve significant displacement amplification from a single amplification step while maintaining a high frequency output.
If we assume that a mass, m, is manipulated by the actuator and that m is significantly greater than the rotational inertia of the PZT stacks, the kinetic energy in the system is simply 2 / 2 my . If we activate the two PZT stacks simultaneously, assume motion in the lateral direction is negligible, and neglect effects from the redirecting stiffness, the potential energy function simplifies to,
where u is the unforced length variation for both units. Using Lagrange's equation, the equation of motion becomes,
Though the stiffness changes throughout the stroke, a dominant resonant frequency exists, for a finite value of u, at which the displacement is maximized. Neglecting perturbing factors, this frequency is the same on either side of the singularity. Simulation of (5) shows that square wave activation at this frequency generates larger displacements than those achieved from quasi-static displacement.
IV. PROOF-OF-CONCEPT PROTOTYPES
A proof-of-concept prototype was designed, built, and tested in order to demonstrate the static and dynamic performance of passing through the singularity point. The prototype is shown in Fig. 8 . The PZT stacks in this prototype are 40 mm long, have a free displacement of 42 μm, and a blocking force of 850 N.
Through experimentation, we found that the natural frequency of using the actuator on one side of the singularity is in fact approximately equal to the peak-to-peak natural frequency of using the actuator on both sides alternatively.
To achieve this frequency traveling on both sides, the PZT stacks must be activated at twice this frequency. From the singularity point, they must be activated to reach the maximum displacement in one direction, then deactivated to return, then re-activated to reach the maximum displacement in the other direction, and deactivated once more to return to the original position. This completes one cycle of the actuator. Thus, the PZT stacks cycle on and off at twice the frequency of the output motion of the actuator. This demonstrates that passing through the singularity does not degrade the natural frequency, and nearly doubles the actuator's displacement by allowing the input PZT stacks to cycle twice as fast.
The free displacement of a single PZT stack run at the test voltage is only 37 μm, where as the peak-to-peak Stiffness Force 1/2 Full displacement of the developed actuator has reached 2.37 mm. Therefore, the effective amplification ratio is over 64. This displacement amplitude was achieved at a frequency of 26.5 Hz. The input voltages to the PZT stacks were identical square waves at 53 Hz. Fig. 9 shows the input signal and output displacement as functions of time.
This prototype was also used to validate the nonlinear force-displacement relationship shown in Fig. 11 . The driving voltage used to obtain the force data corresponds to an unforced length change in the PZT stacks of 88% of the maximum. Therefore the data is plotted along with the theoretical force displacement relationship for a 0.88 activation level. The slight variations are most likely due to machining tolerances from production. To demonstrate the degree of control granted by redirecting the principle axes of the stiffness matrix and using lateral activation, another proof-of-concept prototype was designed, built, and tested. The prototype performs exactly as it was designed to. With respect to the orientation in Fig. 10 , when only the left PZT stack is actuated, the actuator output moves down, and when only the right PZT stack is actuated, the actuator output moves up. It is difficult to view in the figure because the ratio of x s to y s is approximately 50, but the orientation of the redirecting stiffness goes from lower left, to upper right. This validates the technique of using a redirecting stiffness in conjunction with lateral activation of the PZT stacks to control the direction of output displacement. Theoretical and experimentally measured forcedisplacement data using an activation level of 0.88.
V. CONCLUSIONS
Large displacement is crucial for PZT actuated mechanisms to be useful for a broad range of robotic applications. Likewise, high force through a wide range of mid-stroke displacements, variable compliance, and the ability to effectively disengage are essential properties of actuators for specific designs. The controlled buckling actuator presented shows significant displacement with a single amplification phase, and controlled movement across a singular configuration. The actuator performs well statically and over a wide range and frequencies. The results presented suggest that the buckling actuator is well suited to many specific design criteria in the field of robotics. Future work includes utilizing multiple buckling actuators in a modular system, and utilizing them in locomotion applications.
